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Abstract
We construct small covers and quasitoric manifolds over n-dimensional sim-
ple polytopes which allow proper colorings of facets with n colors. We calculate
Stiefel-Whitney classes of these manifolds as obstructions to immersions and em-
beddings into Euclidean spaces. The largest dimension required for embedding
is achieved in the case n is a power of two.
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1 Introduction
1.1 Colorings of simple polytopes
An n-dimensional convex polytope is simple if the number of facets which are meeting
at each vertex is equal to n. The proper coloring into k colors of a simple polytope
Pn is a map
h : {F1, . . . , Fm} → {1, . . . , k}
of its set of facets such that h(Fi) 6= h(Fj) for each two intersecting facets. The
chromatic number χ(Pn) of a simple polytope Pn is the least k for which there exists
a proper coloring of Pn into k colors. The chromatic numbers of the simplex ∆n, the
cube In and the permutahedron Πn (Figure 1) are
χ(∆n) = n+ 1, χ(In) = n, χ(Πn) = n.
Obviously, χ(Pn) ≥ n for any simple polytope Pn. The chromatic number of a
polygon is clearly equal to 2 or 3, depending on the parity of the number of its faces.
By famous Four Color Theorem chromatic numbers of 3-dimensional simple polytopes
are equal to 3 or 4. In general case, for n ≥ 4 it does not hold χ(Pn) ≤ n+1. Moreover,
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Figure 1: The colorings of the cube and the permutahedron
there are simple polytopes such that their chromatic numbers are equal exactly to
numbers of their facets. The polars of the cyclic polytopes with m vertices Cn(m)
are examples of such type (see [1, Example 0.6]).
We consider the class of n-dimensional simple polytopes with the chromatic num-
ber equal to n. Denote this class by C. The class C is closed with respect to products
(see [2, Construction 1.12]) and connected sums (see [2, Construction 1.13]). Also
from any given simple polytope Pn by truncation over all its faces we obtain a simple
polytope Qn which belongs to the class C. The complete description of the class C is
obtained in [3]. A simple n-polytope Pn admits a proper coloring in n colors if and
only if every its 2-face has an even number of edges (see [3, Theorem 16]).
1.2 Small covers and quasitoric manifolds
Quasitoric manifolds and they real analogues called small covers are introduced by
Davis and Januszkiewicz in [4]. Their geometric and algebraic topological properties
are closely related to combinatorics of simple polytopes. The following definitions
and notions are extensively elaborated in [2]. Denote by
Gd =
{
S0, d = 1,
S1, d = 2,
Rd =
{
Z2, d = 1,
Z, d = 2, Kd =
{
R, d = 1,
C, d = 2,
where S0 = {−1,+1} and S1 = {z | |z| = 1} are multiplicative subgroups of real
and complex numbers, Z is the ring of integers and Z2 = {0, 1} is the ring of integers
modulo 2.
The groupGnd acts standardly onKnd by (t1, . . . , tn)·(x1, . . . , xn) = (t1x1, . . . , tnxn).
The action of Gnd on a smooth dn-dimensional manifold M
dn is locally standard if for
any point of Mdn there is a Gnd -invariant neighborhood which is weakly equivariantly
diffeomorphic to some open Gnd -invariant subset of Knd with the standard action of
Gnd . Recall that two G
n
d -manifolds are weakly equivariantly diffeomorphic if there is
an automorphism ω : Gnd → Gnd and a diffeomorphism f : Mdn1 → Mdn2 such that
f(g · x) = ω(g) · f(x) for any g ∈ Gnd and x ∈ Mdn1 . A smooth dn-dimensional
Gnd -manifold M
dn with a locally standard action of the group Gnd such that the orbit
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space Mdn/Gnd is diffeomorphic, as a manifold with corners, to a simple n-dimensional
polytope Pn is called small cover over Pn if d = 1, correspondingly quasitoric mani-
folds over Pn if d = 2. Let pi : Mdn → Pn be the projection map and {F1, . . . , Fm} be
the set of facets of the polytope Pn. The inverse images M
d(n−1)
j = pi
−1(Fj) are Gnd -
invariant submanifolds of codimension d called characteristic submanifolds. To each
characteristic submanifold M
d(n−1)
j corresponds the isotropy subgroup G(Fj) = Gλj
of the rank one, where Gλj = {(1, . . . , 1), ((−1)λ1j , . . . , (−1)λnj )} for some λj =
(λ1j , . . . , λnj) ∈ Zn2 \ {0} if d = 1 and Gλj = {(e2piiλ1jt, . . . , e2piiλnjt) | t ∈ R} for
some primitive vector λj = (λ1j , . . . , λnj) ∈ Zn defined up to the sign, if d = 2. In
this way, the action of the group Gnd on M
dn defines the characteristic map
ld : {F1, . . . , Fm} → Rnd ,
which to a facet Fj of the polytope P
n assigns a primitive vector λj = (λ1j , . . . , λnj) ∈
Rnd . Denote by Λ = (λ1, . . . , λm) the matrix formed by these vectors. Then det Λ(V ) =
±1 for any vertex V ∈ Pn, where Λ(V ) is the submatrix of the matrix Λ formed by
vectors corresponding to facets which are intersecting in that vertex. A pair (Pn,Λ)
satisfying this condition on submatrices is called a characteristic pair. The manifold
Mdn is reconstructible from the characteristic pair (Pn,Λ) up to weak equivariant
diffeomorphism in the following way (see [4] and [2, Construction 6.18]). Let Fi1 ∩
. . . ∩ Fik be the minimal face containing a point q ∈ Pn. To the point q we associate
the subgroup G(q) = Gλi1 × · · · × Gλik . Define M(Pn,Λ) = Gnd × Pn/ ∼, where
(t1, p) ∼ (t2, q) if and only if p = q and t1t−12 ∈ G(q).
Though not all simple polytopes allow characteristic maps (see [4, Example 1.15]),
to considered polytopes Pn ∈ C in a simple way can be assigned a characteristic matrix
Λ if each color i ∈ {1, . . . , n} is identified with the vector ei of the standard basis in
Rnd .
The cohomology ring of a small cover and a quasitoric manifold Mdn, d = 1, 2 is
described in the following way. Let vj = D[M
d(n−1)
j ], j = 1, . . . ,m be cohomology
classes which are Poincare duals to fundamental classes of characteristic manifolds.
The characteristic matrix Λ = (λ1, . . . , λm) defines following linear forms
θi :=
m∑
j=1
λijvj , i = 1, . . . , n,
where λj = (λ1j , . . . , λnj)
t ∈ Rnd , j = 1, . . . ,m. Let J be the ideal in Rd[v1, . . . , vm]
generated by elements θ1, . . . , θn and I be the Stanley-Reisner ideal of the polytope
Pn, which is generated by monomials vi1 · · · vik whenever Fi1 ∩ . . . Fik = ∅ in Pn, i1 <
. . . < ik. Then for the cohomology ring the following isomorphism holds (see [4])
H∗(Mdn, Rd) ' Rd[v1, . . . , vm]/(I + J ). (1)
The same formula (1) holds with Z2 coefficients if d = 2. The total Stiefel-Whitney
class is determined by the following Davis-Januszkiewicz’s formula
w(Mdn) =
m∏
i=1
(1 + vi) ∈ H∗(Mdn;Z2), (2)
where in the case d = 2 all classes vi are regarded as Z2-restrictions of corresponding
integral classes.
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1.3 Immersions and Embeddings
Immersions and embeddings of manifolds are a classical topic in algebraic topology
and differential topology. We consider immersions and embeddings in the smooth cat-
egory. For a manifold Mn define the numbers imm(Mn) and em(Mn) as the smallest
dimensions of Euclidean spaces in which this manifold is immersed and embedded,
correspondingly. In accordance with Whitney’s theorem for each smooth manifold
Mn is satisfied imm(Mn) ≤ 2n − 1 and em(Mn) ≤ 2n. On the other hand, the
dual Stiefel-Whitney classes wi serve as obstructions to immersions and embeddings
of manifolds in Euclidean spaces. Recall that dual Stiefel-Whitney classes wi(M
n)
are characteristic classes of the stable normal bundle of a manifold Mn.
Theorem 1.1 (see [5]). For a smooth manifold Mn let k := max{i | wi(Mn) 6= 0}.
Then imm(Mn) ≥ n+ k and em(Mn) ≥ n+ k + 1.
The Stiefel-Whitney classes are also obstructions to so called totally skew embed-
dings introduced by Ghomi and Tabachnikov in [6]. A manifold Mn is totally skew
embedded in the Euclidean space RN if any two tangent lines in different points of
Mn are skew lines in RN . It is proved in the paper [6] that the number N(Mn) de-
fined as the smallest dimension of Euclidean spaces for which there is a totally skew
embedding of Mn, satisfies
2n+ 2 ≤ N(Mn) ≤ 4n+ 1.
The better lower bound is obtained in [7].
Theorem 1.2 (see [7], Proposition 1, Corollary 4). If
k = max{i | wi(Mn) 6= 0}
then N(Mn) ≥ 2n+ 2k + 1.
The immersions and embeddings of quasitoric manifolds over cubes are studied in
[8].
In this paper we prove the following results.
Theorem 1.3. Let n be a power of two and Pn be a simple convex n-dimensional
polytope which allows a proper coloring in n colors.
(1) There is a small cover Mn over the polytope Pn which satisfies following iden-
tities imm(Mn) = 2n− 1 and em(Mn) = 2n.
(2) There is a quasitoric manifold M2n over the polytope Pn which satisfies follow-
ing inequalities imm(M2n) ≥ 4n − 2 and em(M2n) ≥ 4n − 1. Moreover, for
n ≥ 3 in both relation the equality holds.
We give an explicit construction of manifolds Mn and M2n from Theorem 1.3. By
using combinatorial properties of the simple polytope Pn and Davis-Januszkiewicz
formula (1) and (2), we describe the cohomology rings H∗(Mdn,Z2), d = 1, 2 and
calculate Stiefel-Whitney classes wk(M
dn), d = 1, 2. When n is a power of two,
we prove that classes wd(n−1)(Mdn), d = 1, 2 are nontrivial, the claim that implies
Theorem 1.3. Also from this claim and Theorem 1.2 for totally skew embeddings of
constructed manifolds immediately follows
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Corollary 1.1. If n is a power of two then
N(Mn) ≥ 4n− 1, N(M2n) ≥ 8n− 3.
The obtained small covers Mn are a new class of manifolds for which the numbers
N(Mn) are equal to 4n − 1, 4n, or 4n + 1. So far, only known examples with this
property were real projective spaces (see [7]).
Cohen [9] in 1985 resolved positively the famous Immersion Conjecture, by show-
ing that each compact smooth n-manifold for n > 1 can be immersed in R2n−α(n),
where α(n) is the number of 1’s in the binary expansion of n. The products of
real projective spaces are examples of manifolds that achieve the upper bounds. We
construct new examples of this type in the class of small covers.
Theorem 1.4. For every positive integer n there is a small cover Mn and a quasitoric
manifold M2n over some simple n-dimensional polytope which allows a proper coloring
in n colors such that
imm(Mn) = 2n− α(n), imm(M2n) ≥ 4n− 2α(n)
em(Mn) = 2n− α(n) + 1, em(M2n) ≥ 4n− 2α(n) + 1,
N(Mn) ≥ 4n− 2α(n) + 1, N(Mn) ≥ 8n− 4α(n) + 1.
We conjecture that the statement of Theorem 1.4 is satisfied for any simple n-
dimensional polytope which is properly colored by n colors.
Conjecture 1. Let Pn be a simple convex n-dimensional polytope which allows a
proper coloring in n colors. Then there exist a small cover Mn and a quasitoric
manifold M2n over the polytope Pn which satisfy
imm(Mn) = 2n− α(n), em(Mn) = 2n− α(n) + 1,
imm(M2n) ≥ 4n− 2α(n), em(M2n) ≥ 4n− 2α(n) + 1.
2 Manifolds Mdn
2.1 Construction
Let Pn be a simple polytope such that χ(Pn) = n and h : {F1, . . . , Fm} → {1, . . . , n}
be its proper coloring. Denote by Fj the set h−1(j). Every vertex V ∈ Pn is the
intersection of n differently colored facets. Take an arbitrary vertex V = H1 ∩ · · · ∩
Hn, where the facet Hi is colored by color i. Assign to each facet Hi the vector
λi = (0, . . . , 0︸ ︷︷ ︸
i−1
, 1, . . . , 1︸ ︷︷ ︸
n−i+1
)t and vectors λF = (0, . . . , 0︸ ︷︷ ︸
i−1
, 1, 0, . . . , 0︸ ︷︷ ︸
n−i
)t to remaining facets
F ∈ Fi\{Hi}. The corresponding matrix Λ clearly induces the characteristic map,
since det Λ(v) = 1 for every vertex V ∈ Pn. Define Mdn = M(Pn,Λ) as the manifold
constructed from the characteristic pair (Pn,Λ).
2.2 Cohomology ring
Let u1, . . . , un be Poincare´ duals to characteristic submanifolds over the facetsH1, . . . ,Hn
respectively. For every facet F of Pn distinct from H1, . . . ,Hn, let vF denotes the
Poincare´ dual to the characteristic submanifold over F .
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The cohomology ring of the manifold Mdn is determined by the Stanley-Reisner
ideal I of Pn and the ideal J which is generated by linear forms
θi :=
i∑
j=1
uj +
∑
F∈Fi\{Hi}
vF , i = 1, . . . , n. (3)
Recall that
H∗(Mdn;Z2) = Z2[u1, . . . , un, vF |F ∈ F \ {H1, . . . ,Hn}]/(I + J ).
From the coloring of Pn we easily deduce
Proposition 2.1. For facets F , G ∈ Fi \ {Hi}, F 6= G corresponding classes satisfy
the following relation in the cohomology ring H∗(Mdn;Z2)
vF vG = uivF = uivG = 0.
Proposition 2.1 and (3) together imply
Proposition 2.2. The following equalities hold in H∗(Mdn;Z2)
u21 = 0, u
2
2 = u1u2, . . . , u
2
n = u1un + · · ·+ un−1un. (4)
Let F be an arbitrary facet of Pn and vF the corresponding class over F , even if
F is one of H1, . . . , Hn.
Lemma 2.1. Let k be a positive integer and h a proper coloring map of the polytope
Pn. Then the class vkF is either trivial or equal to the degree k homogenous polynomial
QFk (u1, . . . , uh(F )−1, vF ) whose monomials are square free.
Proof. Let h(F ) = i. We prove the claim by induction on k. For k = 1 it is trivial.
Assume that vkF = Q
F
k (u1, . . . , ui−1, vF ). By multiplying with v
k
F the relation
i−1∑
j=1
uj +
∑
F∈Fi\{Hi}
vF = 0
and by using Proposition 2.1 we get
vk+1F = (u1 + · · ·+ ui−1)QFk (u1, . . . , ui−1, vF ).
If vk+1F = 0, the claim follows directly. In the opposite case it is obvious that
(u1 + · · · + ui−1)QFk (u1, . . . , ui−1, vF ) is the degree k + 1 homogenous polynomial
in variables u1, . . . , ui−1, vF . However, from relations (4) follows (u1 + · · · +
ui−1)QFk (u1, . . . , ui−1, vF ) = Q
F
k+1(u1, . . . , ui−1, vF ), where all monomials of the poly-
nomial QFk+1 are square free.
From lemma 2.1 immediately follows
Corollary 2.1. Each class vr1Fi1
· · · vrkFik is either trivial or equal to the degree r1+· · ·+
rk homogenous polynomial in variables u1, . . . , un, vFi1 , . . . , vFik whose monomials
are square free.
Proposition 2.3. The class u1 . . . un is the fundamental cohomology class in the ring
Hdn(Mdn;Z2).
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Proof. Denote by FV the set of facets containing a vertex V ∈ Pn. Let V ∗ =∏
F∈FV vF . We show that V
∗ = V ′∗ for each two vertices V, V ′ ∈ Pn. For this it
is sufficient to suppose that vertices are connected by the edge V V ′. In this case we
have FV ′ = FV \ {G} ∪ {G′} for unique facets G and G′ which are colored by the
same color. If h(G) = h(G′) = i, we multiply by
∏
F∈FV ∩FV ′ vF the relation
i−1∑
j=1
uj +
∑
F∈Fi
vF = 0.
From Proposition 2.1 we obtain
(u1 + . . .+ ui−1)
∏
F∈FV ∩FV ′
vF + V
∗ + V ′∗ = 0.
In the case i = 1 we get the required equality V ∗ = V ′∗. If i > 1, for each 1 ≤ j < i,
we have by Propositions 2.1 and 2.2
uj
∏
F∈FV ∩FV ′
vF =
{
0, if Hj /∈ FV ∩ FV ′
(u1 + · · ·uj−1)
∏
F∈FV ∩FV ′ vF , if Hj ∈ FV ∩ FV ′
.
Then by induction follows uj
∏
F∈FV ∩FV ′ vF = 0, j = 1, . . . , i − 1 which again gives
V ∗ = V ′∗.
Suppose now that u1 · · ·un = 0. From the so far proven part follows that V ∗ = 0
for each vertex V ∈ Pn. Moreover in this case all dn-dimensional classes vanish since
by Corollary 2.1 square free monomials of degree n linearly generate Hdn(Mdn;Z2).
But it contradicts the known fact that Hdn(Mdn;Z2) ' Z2.
2.3 Stiefel-Whitney classes
Proposition 2.1 implies that the total Stiefel-Whitney class could be expressed as
w(Mdn) =
n∏
i=1
∏
F∈Fi
(1 + vF ) =
n∏
i=1
(1 +
∑
F∈Fi
vF ).
By applying (3) we obtain
w(Mdn) = (1 + u1)(1 + u1 + u2) · · · (1 + u1 + u2 + · · ·+ un−1).
In order to prove the main theorem 1.3, we are going to use another set of gener-
ators t1, . . . , tn which are defined by
ti =
i∑
j=1
uj , i = 1, . . . , n.
Consequently we have
w(Mdn) = (1 + t1) · · · (1 + tn−1). (5)
By Proposition 2.2 the classes t21, t
2
2 + t1t2, . . . , t
2
n + tn−1tn vanish. Let Tn be the
ideal generated by these classes. By Proposition 2.3 it is easily seen that the class
t1t2 · · · tn also represents the fundamental class.
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3 Proof of Theorem 1.3
In order to prove Theorem 1.3 it is sufficient to show that the top dual Stiefel-Whitney
class wd(n−1)(Mdn) is nontrivial.
3.1 Dual Stiefel-Whitney classes
Stiefel-Whitney classes and dual Stiefel-Whitney classes are related by
w(Mdn) · w(Mdn) = 1.
From the relation (5) we obtain
Lemma 3.1. The total Stiefel–Whitney class w(Mdn) is expressed by
w(Mdn) = (1 + t1)(1 + t2 + t
2
2) · · · (1 + tn−1 + · · ·+ tn−1n−1).
Proof. The statement follows from the fact that tk+1k = 0 for all k = 1, . . . , n − 1.
In fact tk+1k = (u1 + · · · + uk)k+1 is the sum of monomials of the form
∑
ur1i1 · · ·u
rj
ij
,
where 1 ≤ i1 < · · · < ij ≤ k and r1 + · · · rk = k+ 1. In its turn, by Corollary 2.1 and
Proposition 2.2 this is a sum of homogeneous polnomials of the degree k + 1 of the
form
∑
Qk+1(u1, . . . , uk). Since monomials of each polynomial in the sum is square
free, we have Qk+1(u1, . . . , uk) = 0.
We want to determine the highest nontrivial dual wk(M
dn). For small n, we could
calculate w(Mdn) directly.
Example 3.1. (1) w(Md·2) = 1 + t1,
(2) w(Md·3) = 1 + (t1 + t2),
(3) w(Md·4) = 1 + (t1 + t2 + t3) + t1t3 + t1t2t3,
(4) w(Md·5) = 1 + (t1 + t2 + t3 + t4) + (t1t3 + t1t4 + t2t4) + (t1t2t3 + t2t3t4).
3.2 The class wd(n−1)(Mdn)
Consider arbitrary two manifolds Mdn and Md(n+1) constructed as in subsection
2.1 over simple polytopes Pn1 and P
n+1
2 , properly colored in n and n + 1 colors,
respectively.
Lemma 3.2. The ring Z2[t1, . . . , tn]/Tn is a subring of the cohomology ring H∗(Mdn;Z2)
which is generated by elements t1, . . . , tn.
Proof. It is necessary to prove that Tn is the ideal of all relations among elements
t1, . . . , tn in H
∗(Mdn;Z2). The rings Z2[t1, . . . , tn]/Tn and Z2[u1, . . . , un]/Un are iso-
morphic, where Un is the ideal generated by elements u21 and u2i+(u1+. . .+ui−1)ui, i =
2, . . . , n from Proposition 2.2. It is sufficient to show that Un is the ideal of all relations
among u1, . . . , un in H
∗(Mdn;Z2).
By Corollary 2.1 any homogeneous polynomial in H∗(Mdn;Z2) is expressed as a
sum of square free monomials. So let we have a relation
m∑
j=1
uIj = 0,
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where Ij = {aj1 < . . . < ajk} ⊂ {1, . . . , n}, j = 1, . . . ,m and uI =
∏
i∈I ui. It is easy
to convince that u1 · · ·ui−1u2i = 0, i = 1, . . . , n. Let us order sets lexicographically
I1 < . . . < Im. Let Im = {a1 < . . . < ak} and di = ai − ai−1, i = 1, . . . , k where
a0 = 0. Define following elements
Ui =
{
uai−1+1 · · ·uai−1, di > 1
1, di = 1
,
where i = 1, . . . , k. By multiplying the relation with U1 · · ·Uk, we get u1 · · ·uak = 0,
which contradicts the fact that u1 · · ·un is the fundamental class.
By abbreviating all terms in the identity in Lemma 3.1 we obtain that each class
wdk(M
dn) is expressed in the ring Z2[t1, . . . , tn]/Tn by square free homogeneous poly-
nomials W k(t1, . . . , tn) of the degree k. Note that the inclusion
i : Z2[t1, . . . , tn]→ Z2[t1, . . . , tn, tn+1]
induces a natural monomorphism
i∗ : Z2[t1, . . . , tn]/Tn → Z2[t1, . . . , tn, tn+1]/Tn+1,
which by Lemma 3.2 allows us to consider the total Stiefel-Whitney class w(Mdn) as
an element of the ring H∗(Md(n+1);Z2). Thw total Stiefel-Whitney classes w(Mdn)
and w(Md(n+1)) satisfy the following relation in H∗(Md(n+1);Z2)
w(Md(n+1)) = w(Mdn)(1 + tn + · · ·+ tnn).
Explicitly
wdk(M
d(n+1)) = wdk(M
dn) + tnwd(k−1)(Mdn) + · · ·+ tkn, k = 0, . . . , n. (6)
Recall that wdn(M
dn) = 0 (see [10]), which implies
wdn(M
d(n+1)) = tnwd(n−1)(Mdn) + · · ·+ tnn = tnwd(n−1)(Md(n+1)). (7)
We use the same trick as in [8]. Define numbers σkn, 0 ≤ k ≤ n− 1 as follows
σkn = W dk(1, . . . , 1︸ ︷︷ ︸
n
) (mod 2).
By (6) and (7), we have σkn+1 =
∑k
i=0 σ
i
n for every k = 1, . . . , n−1 and σnn+1 = σn−1n+1 .
By definition of σkn, if σ
k
n = 1, then wdk is the sum of an odd number of linearly
independent square free monomials, which implies wdk(M
dn) 6= 0.
An easy mathematical induction shows that
σkn ≡
(
n+k
k
)
(mod 2).
Particularly, if n = 2r, we have
σn−1n ≡
(
2r+(2r−1)
2r−1
) ≡ (2r+1−12r−1 ) ≡ 1 (mod 2).
Consequently,
wd(n−1)(Mdn) = t1t2 · · · tn−1 6= 0.
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Therefore by Theorem 1.1 we obtain the required bounds
imm(Mdn) ≥ d(2n− 1), em(Mdn) ≥ d(2n− 1) + 1.
For the small coverMn, Whitney’s theorem implies imm(Mn) = 2n−1 and em(Mn) =
2n. The quasitoric manifold M2n is orientable, so it can be embedded into R4n−1.
From Lemma 3.1 follows w2(M
2n) = t1 + t2 + · · · + tn−1, which implies that the
characteristic class w2(M
dn) · w2n−2(M2n) vanishes. If n ≥ 3, the result of Massey
[11, Theorem V] yields
imm(M2n) = 4n− 2,
which finishes the proof of Theorem 1.3.
4 Proof of Theorem 1.4
Let n = 2r1 + 2r2 + · · ·+ 2rt , r1 > r2 > · · · > rt ≥ 0 be the binary representation of
n and let mi = 2
ri for i = 1, . . . , t and m0 = 0. Let P
n be a simple n-polytope such
that
Pn = P
2r1
1 × · · · × P 2
rt
t ,
where each P
2ri
i is 2
ri-colored simple 2ri-polytope. It is obvious that polytope Pn is
n-colored.
In subsection 2.1 we constructed manifolds Md2
ri
over polytopes P
2ri
i . It follows
from [2, Proposition 4.7] that Mdn = Md2
r1 × · · · ×Md2rt is a Gnd -manifold over the
polytope Pn = P
2r1
1 × · · · × P 2
rt
t . The total Stiefel–Whitney class of the manifold
Mdn can be easily determined using the following formula (see [5, pp. 27, 54])
w(Mdn) = w(Md2
r1
) · · ·w(Md2rt ) ∈ H∗(Mdn) ∼= H∗(Md2r1 )⊗ · · · ⊗H∗(Md2rt ).
The corresponding dual total Stiefel-Whitney class is expressed as
w(Mdn) = w(Md2
r1
) · · ·w(Md2rt ). (8)
Let rankwM) := max{k|wk(M) 6= 0}. Thus, from formula (8) we have
rank w(Mdn) =
t∑
i=1
rank w(Md2
ri
) =
t∑
i=1
d(2ri − 1) = nd− α(n)d.
In this way, Theorem 1.4 is a consequence of Theorems 1.1 and 1.2.
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